In this paper we generalize the results of [1, 2] and derive the full 1/N expansion of colored tensor models in arbitrary dimensions. We detail the expansion for the independent identically distributed model and the topological Boulatov Ooguri model.
perform in this paper is neither canonical nor unique. It is however simple enough such that it leads to a workable series one can evaluate term by term. We will detail this "topological expansion" both for the i.i.d. model and for the Boulatov Ooguri model.
We would like to emphasize that none of the concepts and techniques needed to perform the 1/N expansion can directly be applied to the non colored GFT models. This leads us to believe that a similar expansion either does not exist in the ordinary models, or it has a very different nature from the one of CGFTs. This paper is a complete and self contained presentation of the techniques required to perform the 1/N expansion in arbitrary dimensions. In section II we revisit the 1/N expansion of random matrix models. Section III introduces the CGFT graphs and discusses the associated notions of bubbles and jackets. Section IV describes briefly the generic colored GFT models, and in sections V and VI we perform the 1/N expansion of CGFT. Section VII presents the first terms in our expansion in arbitrary dimensions.
II. THE 1/N EXPANSION OF RANDOM MATRIX MODELS
In this preliminary section we will recast the familiar 1/N expansion of matrix models in a form adapted to the generalization in higher dimensions. The partition function of an i.i.d. N × N matrix model writes
and the free energy F develops in vacuum ribbon graphs G with N G vertices, L G lines, F G faces, and genus 2 − 2g G = N G − L G + F G . For the i.i.d. model one can directly compute the amplitude of any graph, A(G) = N N G −L G +F G , and the free energy admits an expansion in the genus. It reads (for a single value of p and λ = λ p )
where C [g] (λ) is the sum of the series of graphs of fixed genus g, and s(G) a symmetry factor. As the genus is the only topological invariant in D = 2 dimensions, the expansion in 1/N is a topological expansion. The series C
[g] (λ) can be analyzed by a multitude of techniques [49] [50] [51] and encodes the critical behavior of the model.
For non identically distributed matrix models [26, 27] one can not directly compute the amplitude of an arbitrary Feynman graph. One accesses its scaling with N by an alternative method of topological reduction moves. We present here this second method on i.i.d. models, but the reader should keep in mind that this generalizes to arbitrary matrix models. Note that the vertices and the faces bring each a factor N , and the lines bring a factor N −1 to the amplitude of a graph. There exist two local transformations of G which leave both its amplitude and topology invariant. Under these transformations, G will simplify to some standard form which we subsequently analyze.
FIG. 1. Contraction of a ribbon line in G.
The first simplification move involves a line l connecting two distinct vertices in the graph G. Any such line can be "contracted" and the two adjacent vertices glued coherently, as drawn in figure 1. We denote G/l the graph obtained by contracting l. This move preserves the topology: G/l has one less vertex and one less line than G, hence g G/l = g G . Unsurprisingly it also preserves the amplitude, The second simplification move involves a line l separating two different faces. Such a line can be "deleted" and the two faces f 1 and f 2 merged into a unique face f 12 = f 1 ∪ f 2 (see figure 2) . We denote G − l the graph obtained by deleting l. The deletion also preserves the topology (G − l has one less line and one less face than G) and the amplitude.
Any two graphs G and G related by a sequence of deletion/contraction moves (and their inverse) have the same topology and the same amplitude. Two such graphs are called "equivalent" G ∼ G . A graph G can be maximally simplified using this moves to a "super rosette" graph [52] G p ∼ G, having a unique vertex, a unique face and 2p lines. The super rosette to which G reduces is not unique (it depends on the specific lines one contracts and deletes), but all are equivalent G p ∼ G p . Furthermore, as the number of contraction (resp. deletion) moves the graph undergoes to become a super rosette is N G − 1 (resp. F G − 1), the number of lines of all super rosettes corresponding to G is 2p = L G − (N G − 1) − (F G − 1). All super rosettes with the same number of lines are equivalent and have amplitude A(G p ) = N 2−2p . We divide the super rosettes in equivalence classes [G p ], under the relation ∼, and write
where A([G p ]) is the amplitude of the equivalence class of super rosettes [G p ] and C [Gp] (λ) is a purely combinatorial coefficient counting all graphs which reduce to [G p ]. The two expansions, the genus expansion of eq. (2) and the rosette expansion of eq. (3) are of course one and the same as 2p = 2g Gp = 2g G .
We will generalize these two expansions in higher dimensions. We will first derive in arbitrary dimensions an expansion in the "degree" generalizing directly eq. (2) for i.i.d. models. We will then identify a set of moves which leave invariant both the topology and the amplitude of a graph. We will apply the moves to any graph to reduce it to some standard simplified graph (core graph). We will reorganize the free energy into core graph classes, and bound the amplitude of every class. At any order we will obtain contributions from a finite number of topologies, and control over the scaling of the remainder terms.
The topology of higher dimensional pseudo manifolds is more involved than the one of two dimensional surfaces, and the 1/N expansion will accordingly have some new and more complicated features.
• For all D ≥ 3 there exist moves which preserve the topology but bring power counting convergence. Unlike in matrix models, the same topology will be represented by an infinity of (increasingly suppressed) terms.
• For all D ≥ 4 establishing topological equivalence is very difficult. A classical mathematical theorem implies that it can not be done by any algorithm and one must proceed on a case by case basis [53] .
In order to obtain a workable expansion we will only partially classify graphs to ensure that one needs to check topological equivalence a minimum number of times. The price to pay is that our final series has a (finite) degree of redundancy: graphs with the same topology and amplitude will be grouped in a (finite) number of distinct classes.
III. GRAPHS, JACKETS AND BUBBLES
In this section we prove some general results concerning CGFT graphs. The 1/N expansion relies largely on these results, and it is insensitive to the particulars of the model one deals with.
The A CGFT graph admits a simplified representation obtained by collapsing all the stranded vertices and stranded lines into point vertices and ordinary colored lines. Colored graphs [46] [47] [48] 54] are dual to oriented normal pseudo manifolds. In this paper we will only deal with connected graphs.
We denote i 1 . . . i n = {0, . . . , D} \ {i 1 . . . i n }. To a colored graph G one associates two categories of subgraphs: its bubbles [46, 47] and its jackets [1, 2, 42] . The 0-bubbles of G are its vertices and the 1-bubbles are its lines. For n ≥ 2, the n-bubbles with colors {i 1 , . . . , i n } of G are the connected components (labeled ρ) obtained from G by deleting the lines and faces containing at least one of the colors i 1 . . . i n . We denote B i1...in (ρ) the n-bubbles of colors
..in the total number of bubbles with n-colors. For n ≥ 2 each n-bubble is a n-colored graph, and the 2-bubbles are the faces of G. An example of a 3 + 1 CGFT graph in and its 3-bubbles is given in figure 4 . The n-bubbles of G are the colored graphs dual to the links of the normal pseudo manifold dual to G [47] . . If the two bubbles are different the lines form a k-Dipole (denoted d k ) [1, 55, 56] . A k-Dipole can be contracted, that is the lines i 0 . . . i k−1 together with the vertices v and w can be deleted from G and the remaining lines reconnected respecting the coloring (see figure 5 ). The inverse of the k-Dipole contraction is called a k-Dipole creation 
The bubbles encode the cellular structure of the graph G [46] [47] [48] , and their nested structure encodes its homology (and that of its dual pseudo manifold). However, as the bubbles are themselves colored graphs, they are relatively difficult to handle.
Definition 1.
A colored jacket J of G is the ribbon graph made by the faces of colors (τ q (0), τ q+1 (0)), for some cycle τ of D + 1 elements, modulo the orientation of the cycle. We denote J = {(τ q (0), τ q+1 (0)) |k = 0, . . . , D} the set of faces of J .
An example of the jackets of a 3 + 1 graph (and their associated cycles) is given in figure 6 . The (unique) jacket of a 2 + 1 colored graph is the graph itself. The reader can check that J and G have the same connectivity, the number of jackets of a D + 1 colored graph is 1 2 D! and the number of jackets containing a given face is (D − 1)!. The ribbon lines of the jacket J separate two faces, (τ −1 (j), j) and (j, τ (j)) and inherit the color j of the line in G. As the n-bubbles are n-colored graphs they also posses jackets which can be obtained from the jackets of G.
For a jacket J , 
Definition 2. We define
• The "convergence degree" (or simply degree) of a graph G is ω(G) = J g J , where the sum runs over all the jackets J of G.
•
) .
Having defined the required prerequisites, we will prove in the rest of this section a number of lemmas concerning CGFT graphs which are the foundation of the 1/N expansion. First, the degree of a graph and of its bubbles are not independent.
Lemma 1. The degrees of a graph ω(G) and its D-bubbles ω(B
In particular, by eq.
Proof: The number of lines of G and of any of its jackets is L G = (D + 1)p, hence the number of faces of the jacket 
Each of the D-bubbles
) is a D-colored graph thus eq. (6) also holds for each D-bubble
Each vertex of G contributes to D + 1 of its D-bubbles ( i;ρ p i ρ = (D + 1)p), and each face to D − 1 of them. Adding eq. (7) and dividing by D − 1 yields
which equated with (6) proves the lemma.
Second, the degree of a graph is preserved under 1-Dipole contractions. More generally, we have Lemma 2. The degree of G and G/d k are related by
the two D-bubbles separated by d k . Under the contraction all faces (p, q) p, q = i 0 , . . . i k−1 are deleted and all faces (p, q) p, q = i 0 , . . . i k−1 are merged two by two, thus
But from eq. (6) we have
One can track in detail the effect of a 1-Dipole contraction over the degrees of the D-bubbles of a graph. Denote
The degrees of the bubbles before/after contraction of a 1-Dipole respect
Proof: Only the D-bubbles containing one (or both) of the end vertices v and w of d 1 are affected by the contraction. 
and the degree is conserved. 
Any jacket
, and the lemma follows.
These lemmas we proved so far are sufficient to perform the combinatorial 1/N expansion. We now include the topology in the picture. The fundamental combinatorial topology result we will use in the sequel [55, 56] is that the two pseudo manifolds dual to G and G/d k are homeomorphic if one of the bubbles B i0..
is dual to a sphere S D−k . We say that two such graphs are topologically equivalent, G ∼ (t) G/d k (and that the k-Dipole d k separates a sphere). As mentioned in section II, it is in principle very difficult to check whether a graph is a sphere or not. However we can establish the following partial result 
IV. COLORED GFT MODELS
Let G be some compact multiplicative Lie group, and denote h its elements, e its unit, and dh the integral with respect to the Haar measure. We denote δ N (e) the delta function with some cutoff N evaluated at the identity. The large parameter N can be either a cutoff on the discrete Fourier modes, or a cutoff in a heat kernel regularization [44, 57] . Irrespective of its particular implementation, δ N (e) diverges when N → ∞. The partition function of the D dimensional colored GFT [1, 46, 47] is defined by the path integral
with normalized Gaussian measure of covariance P and interaction S int . The free energy F of the CGFT writes as a sum over connected vacuum colored graphs G. A model is a choice of the covariance P and of the interaction S int .
V. THE INDEPENDENT IDENTICALLY DISTRIBUTED MODEL
The simplest model is the independent identically distributed (i.i.d.) model defined by
where Consider the two point colored graph with two vertices connected by D lines (denoted S) represented in figure 7 . For any graph G, one can consider the family obtained by inserting S an arbitrary number of times on any line of G . The scaling of the coupling constants in eq. (15) is the only scaling which ensures that this family has uniform degree of divergence, hence it is the only scaling under which a 1/N expansion makes sense.
A. Amplitude
For an arbitrary connected graph G the δ N functions compose along the faces. From now on we drop the superscript N on the δ functions, and recall that our large parameter is δ(e). The amplitude of a CGFT graph of the i.i.d. model is
where we used equation (6) . For the i.i.d. model, the convergence degree, ω(G), plays in higher dimensions the same role the genus played for matrix models. The 1/N expansion of the free energy of the i.i.d. model is an expansion in the degree
with s(G) some symmetry factor. The coefficient C [ω] (λ,λ) is the sum of the series of graphs of degree ω. The fundamental difference between the two dimensional case and the general case is that, whereas the genus is a topological invariant, the degree is not. This leads to the two distinct expansions, the "combinatorial 1/N expansion" and the "topological 1/N expansion" mentioned in the introduction. Note however that the leading order is given by graphs of degree 0, which are, from lemma 4, topological spheres [2] .
B. The Combinatorial 1/N Expansion
From lemma 2 the degree of a graph is invariant under arbitrary 1-Dipole contractions. This can be used to give an alternative characterization of C
[ω] (λ,λ), which can be more useful when studying the critical behavior of the model. For any graph G we reduce a maximal number of 1-Dipoles to obtain a simpler graph with the same amplitude as G.
Combinatorial Bubble Routing. For each color i we designate one of the D-bubbles B Note that in fact we already used the combinatorial core graphs twice: first to prove eq. 4 and second to prove lemma 4. The important feature of combinatorial core graphs is that their degree (and consequently amplitude) admits a bound in the number of vertices p: by lemma 1
Combinatorial core equivalence classes. The combinatorial core graph one obtains by routing is not independent of the routing trees. The same graph leads to several equivalent combinatorial core graphs, all at the same order p, and with the same amplitude :
We call two such core graphs combinatorial core equivalent, G 
An arbitrary graph will route to a unique combinatorial core equivalence class. The 1/N expansion of the free energy of the colored GFT in arbitrary dimensions can be recast in combinatorial core equivalence classes
where C p ]. The crucial feature of the expansion in combinatorial core classes is that it can be evaluated order by order. One needs to draw all core graphs at order p, compute their amplitudes, and divide them into combinatorial equivalence classes. The last step, identifying the combinatorial equivalence classes, is potentially difficult, but one needs to deal with this problem only a finite number of time in order to write all the terms up to a given order.
C. Topological 1/N expansion
To write a series taking into account not only the amplitude but also the topology of the graphs one must rely on topological equivalence rather then combinatorial equivalence. This means that, instead of contracting all 1-Dipoles, one should contract only 1-Dipoles separating spheres. Of course it is out of the question to reduce all such 1-Dipoles for an arbitrary graph (one would need to deal with a very difficult problem for every graph G). We will modestly only reduce the 1-Dipoles of degree 0. Not only such contractions preserve the topology (from lemma 4), but also they lead to a well defined 1/N expansion. Unsurprisingly the final series will have some degree of redundancy which we will detail later. All the B i − R i solid lines in T i are 1-Dipoles of degree 0 and we contract them. We end up with a connectivity graph with vertices corresponding to the roots R i (µ) . The remaining lines of color i cannot be contracted further (they are either tadpole lines or they separate two roots, hence are not 1-Dipoles of degree 0). Neither the number nor the topology of the bubbles of the other colors is changed under these contractions.
Topological
We iterate for all colors starting with D. The routing tree T j is chosen in the graph obtained after contracting
, q > j are unaffected by the contractions of 1-Dipoles of color j (by lemma 3), hence the latter cannot create new 1-Dipoles of degree 0 and color q. Reducing a full set of 1-Dipoles of degree 0 indexed by D + 1 routing trees T 0 , . . . T D+1 we obtain a graph whose all bubbles are roots, called a topological core graph.
Definition 4. [Topological Core Graph]
p with 2p vertices is called a topological core graph at order p if, for all colors i,
As for combinatorial core graphs, the degree (and amplitude) of topological core graphs admit a bound in the number of vertices p: by lemma 1
and the definition of a topological core graph implies i;ρ ω(R
where for the last inequality we used again eq. (4).
Topological core equivalence classes. The core graph one obtains by routing is again not independent of the routing trees. The same graph leads to several equivalent core graphs, all at the same order p, topologically equivalent and with the same amplitude (G
). We call two such core graphs topological core equivalent, G
p . The amplitude of G and G (t) p are related by
An arbitrary graph will route to a unique topological core equivalence class. The 1/N expansion of the free energy of the colored GFT in arbitrary dimensions admits an expansion in topological core equivalence classes
where
p ] (λ,λ) counts all the graphs routing (via a topological bubble routing) to [G
p ] can again be listed order by order. Again identifying the topological equivalence classes at order p is difficult, but one needs to deal with this problem only a finite number of times.
VI. THE BOULATOV OOGURI MODEL
The second model we will detail in this paper is the Boulatov Ooguri (BO) topological model defined by
The amplitude of G, is [1, 42, 46 ]
where σ |f = 1 (resp. −1) if the orientations of and f coincide (resp. are opposite) and σ |f = 0 if does not belong to the face f . Unlike the i.i.d. model one cannot easily evaluate the amplitude for arbitrary graphs. However one can still build a topological expansion along the lines of the one of the i.i.d. models. Again we drop the superscript N on δ N , and denote = two quantities which are equal at leading order in N .
A. Power counting
In this section we establish a general power counting bound for the amplitude of an arbitrary graph in the BO model in terms of its convergence degree ω(G). We start by a technical prerequisite.
Face routing of ribbon graphs. The jackets (which are ribbon graphs) can be used to simplify the amplitude (26) of a graph. To every ribbon graph H one associates a dual graphH. The construction is standard (see for instance [52] and references therein). The vertices of H, correspond to the faces ofH, its lines to the lines ofH and its faces to the vertices ofH. The lines of H admit (many) partitions in three disjoint sets: a tree T in H, (|T | = |N H | − 1), a treeT in the its dualH, (|T | = |F H | − 1), and a set L \ T \T , (|L \ T \T | = 2g H ) of "genus" lines ( [52] ).
We orient the faces of H such that the two strands of every line have opposite orientations. We set a face of H as "root" (denoted r). Consider a face f sharing some line l(f,T ) ∈T with the root (that is the two strands of l(f,T ) belong one to r and the other to f ). The group element h l(f,T ) appears exactly once in the argument of δ f and δ r δ r (
where we set l(f,T ) as the last line of r and as the first line of f . By our choice of orientations σ l(f,T )|r σ l(f,T )|f = −1.
We change variables toh
, and eq. (27) becomes
This trivial change of variables has two consequences. First the face f is canonically associated to the line l(f,T ). Second, the face r becomes a root face in the graph H − l(f,T ), obtained from H by deleting l(f,T ) (and connecting r and f into r ∪ f , see figure 2 ). Iterating for all faces except the root we get
By a tree change of variables [43] all the group elements h l of the lines in the tree l ∈ T can be set to the identity. If H is a planar graph, then either l ∈ T or l ∈T hence h l = e, ∀l ∈ H. This also holds if H is a planar graph with exactly one external face by setting the latter as root.
Lemma 5. [Jacket bound]
Consider a graph G with 2p vertices and degree ω(G). Then
Proof: All the group elements h l of the lines of a tree l ∈ T can be eliminated from the amplitude (26) by a tree change of variables [43] . Routing the faces of a jacket H of G, eq. (26) writes
Integratingh l(f,T ) and bounding the remaining delta functions by δ(e) we obtain
and A(G) saturates eq. (31) if H is planar. Using (6), eq. (31) translates into
where for the last inequality we chose H with g H = inf J g J .
B. k-Dipoles of degree 0
In this section we investigate the behavior of the amplitude of a graph of the BO model under the contraction of a k-Dipole of degree 0.
Proof: Consider a k-Dipole of colors 0, . . . , k − 1. All faces ij such that k ≤ i, j touching v are different from the faces ij touching w. Suppose that all lines enter v and exit w. We denote h 0 , . . . , h k−1 the group elements of the lines of the k-Dipole and h i;v , h i;w , k ≤ i the ones of the of the lines of color i touching v and w respectively. The rest of the group elements along the various faces are generically denoted f ij wv if i < k, k ≤ j and f
The contribution of all faces containing v and/or w to the amplitude of G is
All 0 < h i < k can be integrated explicitly and renaming h = h 0 we get
We change variables to h j;v = h j;v h −1 , dh j;v = dh j;v for j ≥ k and drop the primes. The integral over h decouples and we get
by adding 1-Dipoles of degree higher than ω(d 1 ) ≥ 1 which separate spheres 2 ).
As the topology in higher dimensions is very involved, it is to be expected that the final 1/N expansion is somewhat difficult to handle. Counting all graphs which route to a given core graph is relatively straightforward (by performing all possible creations of 1-Dipoles of degree 0). However one must pay attention to double counting problems when grouping together the graphs routing to a topological core equivalence class. Fortunately, at low orders, the topological core equivalence classes have a single representative, and the overcounting problem is absent.
A bubble B 
VII. THE FIRST TERMS OF THE 1/N EXPANSION
All combinatorial core graphs are also topological core graphs. The topological core graphs up to p = 2 are represented in figure 9 . As they only have one D-bubble B i they are also combinatorial core graphs.
At p = 1 we have a unique topological/combinatorial core graph, denoted G (c) 1
1 . It is the unique topological/combinatorial core graph of degree 0, thus it represents a sphere. As the degree of a graph is invariant under arbitrary 1-Dipole contractions, the combinatorial class [G 
The various 1/N expansions of the free energy of the models we have considered in arbitrary dimensions write 
Note that for the i.i.d. model the combinatorial expansion has a better a priori bound on the reminder terms than the topological expansion. This should come as no surprise, as the topological classes [G 
